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Perfect (optical) vortex (PV) beams are fields which are mooted to be independent of the orbital
angular momentum (OAM) they carry. To date, the best experimental approximation of these
modes is obtained from passing Bessel-Gaussian beams through a Fourier lens. However, the OAM-
dependent width of these quasi-PVs is not precisely known and is often understated. We address
this here by deriving and experimentally confirming an explicit analytic expression for the second
moment width of quasi-PVs. We show that the width scales in proportion to
√
` in the best case,
the same as most “regular” vortex modes albeit with a much smaller proportionality constant. Our
work will be of interest to the large community who seek to use such structured light fields in various
applications, including optical trapping, tweezing and communications.
Vortex modes are structured light fields with a heli-
cal (azimuthal) phase of the form exp(i`φ) that carry `~
orbital angular momentum (OAM) per photon [1] and
have found many applications [2]. Typically, these modes
have a characteristic on-axis intensity null surrounded by
a ring of light whose radius scales with the OAM content.
Due to the finite numerical aperture of any real optical
system, an experimenter is thus limited to a range of us-
able OAM values, which is of the order of |`| ≈ 102 [3].
Additionally, in certain applications such as optical trap-
ping, it is desirable to have an OAM-containing beam
whose width is independent of the OAM content. Per-
fect Vortex beams (PVs) were introduced as a potential
solution to these problems [4]. Indeed, an ideal PV is
an annular ring that can have an arbitrary helical phase
whilst maintaining a fixed radius:
PVideal(r, φ) ∝ δ(r −R) exp(i`φ) , (1)
where (r, φ) are transverse cylindrical coordinates and R
is the annular ring radius. Such beams are known to be
the Fourier transform of the well-studied Bessel beams,
BB(r, φ) ∝ J`(krr) exp(i`φ) , (2)
where kr is the radial wavenumber. An ideal PV, which
is dual to an ideal Bessel beam, is an annular ring of
infinitesimal thickness of the form of Eq. 1 with radius
R = krf/k, where f is the focal length of the Fourier
lens and k is the wave number of the light. Note that
the ring radius is independent of ` and hence the amount
of OAM the beam carries does not influence the beam
width. However, an ideal Bessel beam cannot be experi-
mentally realised and so we turn to it’s finite-energy ap-
proximation: the Bessel-Gaussian (BG) beam [5] whose
field is similar to that of Eq. 2 but has an additional
Gaussian factor exp(−r2/w20), where w0 is the Gaussian
width. The PV which is dual to a BG is no longer in-
finitesimally thin, but instead has thickness T = 2f/kw0.
The complex amplitude of this experimentally realisable
quasi-PV is given by [6],
PV (r, φ) ∝ exp
(
−r
2 +R2
T 2
)
I`
(
2Rr
T 2
)
exp(i`φ) , (3)
where I`(·) is the modified Bessel function. If the ring
radius is much larger than the ring thickness R  T , or
equivalently krw0  1 (in BG parameters), then using
the asymptotic form of I`(·), Eq. 3 simplifies to,
PV (r, φ) ∼ exp
(
− (r −R)
2
T 2
)
exp(i`φ) . (4)
The above is often quoted as being the form of a PV,
since the radial amplitude is `-independent. However, it
is only an approximation and so when we refer to a PV
we will refer to the true field as given in Eq. 3.
The ring radius of the PV as given in Eq. 3 is not
OAM-independent, although this is not strikingly ap-
parent when looking at the field structure. A qualita-
tive explanation is that the slope of I`(·) decreases with
`, which shifts the radius where the exponentially de-
creasing Gaussian term and the exponentially increas-
ing Bessel term intersect. It is this aspect which we
aim to quantify here. In the literature, many PV ex-
periments consider topological charges in a small enough
range where the increase is unnoticeable/negligible (for
example [7]). Others have given a semi-empirical rule
for the increasing radius (for example [6]) and some have
numerically calculated the OAM-dependent width for the
PVs they generate (for example [8]). In some cases, the
width increase is even attributed to be some systematic
error (for example [9]). Altogether, it seems apparent
that there is a need to make the OAM-dependence of
the PV width precise. To the best of our knowledge, we
quote here for the first time and confirm experimentally
an explicit expression for the OAM-dependent width of
quasi-PVs by computing the second moment integrals an-
alytically. We show that in certain regimes, the scaling of
the PV width with OAM can be comparable to “regular”
vortex beams and care must be taken in selecting appro-
priate beam parameters to avoid this. With an analytical
expression in hand, we also show how to precisely correct
for the increasing width (but only up to a point), thus
allowing the dynamic generation of an OAM-containing
beam of fixed width. Finally, we argue that since any
propagating beam with a helical phase has a vortex core
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2whose radius scales with the topological charge `, this
makes a truly OAM-independent field unattainable.
We begin by presenting an explicit analytical expres-
sion for the OAM-dependent width of PVs. There are
many different definitions for the width of an arbitrary
laser beam profile, but arguably the most convenient def-
inition is the second moment width, defined in cylindrical
coordinates as,
w2 = 2
∫∞
0
r dr
∫ 2pi
0
dφ r2 |U(r, φ)|2∫∞
0
r dr
∫ 2pi
0
dφ |U(r, φ)|2
, (5)
where U(r, φ) is the transverse electric field of the laser
beam profile. Substituting the field of the PV as given
in Eq 3 into the above yields the following expression for
the OAM-dependent width,
w2(`) = T 2(`+ 1) +R2
1 + I`+1
(
R2
T 2
)
I`
(
R2
T 2
)
 . (6)
It should be noted that R and T are constants which
define the ring radius and thickness when ` = 0. As `
changes, so too do these ring attributes. One can verify
that when R/T  1, the above simplifies to
w2(`) ≈ T 2(`+ 1) + 2R2 , (7)
which shows that even the asymptotic PV field as given in
Eq. 4 has an OAM-dependent width. In fact, this asymp-
totic width scales as
√
` which is the same as for Laguerre-
Gaussian (LG) beams. However, since T is small com-
pare to R, the width change is slight. One can also verify
that in the ideal Bessel beam limit (w0 →∞ with kr fixed
or vice versa), Eq. 6 reduces to
w2(`) = w2 = 2R2 , (8)
which is OAM independent, in agreement with the ideal
case.
To showcase the OAM-dependent width experimen-
tally, we built the setup shown in Figure 1. The beam
from a He-Ne laser was expanded and collimated onto a
phase-only Holoeye Pluto spatial light modulator (SLM)
displaying the necessary digital holograms to generate
PVs. Here, we chose to generate the PV field (as given in
Eq. 3) directly using complex amplitude modulation [10].
The other option is to encode an axicon plus a helical
phase onto the SLM (to generate the corresponding BG)
and then Fourier transform this field with a lens. Both
approaches would yield the same results. Since complex
amplitude modulation generates the desired field at the
plane of the SLM, it is necessary to relay the field from
the SLM to the camera using a 4f lens system. To con-
firm that the generated PVs had the desired topologi-
cal charge, we utilised a standard modal decomposition
setup [11] which is now known to be effective for deter-
mining the OAM content of PVs quantitatively [12].
FIG. 1. Schematic of the experimental set-up; Li are lenses of
focal length fi, SLMi are spatial light modulators and CCDi
are CCD cameras. A beam splitter was placed after L3 so
that the OAM content of the PV could be verified with SLM2
and CCD2 while the width is calculated from the image taken
with CCD1.
From the intensity images taken with CCD1 (Point-
Grey Firefly), the width can be computed numerically in
an analogous way to how the second moment integrals
are computed, but in Cartesian coordinates,
w2 ≈ 4
∑H
i=1
∑V
j=1 x
2
i I(xi, yj)∆x∆y∑H
i=1
∑V
j=1 I(xi, yj)∆x∆y
, (9)
where H × V are the dimensions of the image in pix-
els, (∆x,∆y) are the dimensions of a single pixel and
I(xi, yj) denotes the intensity value at pixel coordinates
(j, i) which are related to the spatial coordinates by
xi = (−x0 + i)∆x , (10)
yj = (−y0 + j)∆y , (11)
and where (x0, y0) are the pixel coordinates of the first
moment width (essentially the “centre of mass” of the
image). The above numerical approximation of Eq. 5 is
good if the intensity falls to zero sufficiently rapidly at
the boundaries of the image and if the pixel dimensions
are small compared to the change in intensity between
pixels. Care should be taken to remove noise from the
image as this will skew the computed width (especially if
the noise is far from the origin). Here, this was achieved
with background subtraction and median filtering.
In most experiments that generate PVs from Bessel
beams, the wavelength of light and the focal length of
the Fourier lens are fixed (so that f and k are global con-
stants for all Bessel modes). Consequently, it is worth-
while to see how the width depends on kr and w0 (the
controllable Bessel parameters) independently. This is
shown in Figure 2. We experimentally generated PVs
with different Bessel beam parameters and compared the
3FIG. 2. The PV width plotted over ` ∈ [0, 50] for fixed
kr = 10 mm
−1 (A) and fixed w0 = 1 mm (B). Lines denote
theoretical widths calculated using Eq. 6 and symbols denote
experimental widths computed from the images taken with
CCD1 and using Eq. 9. Corresponding curves in A and B
have the same value for the product krw0 (or equivalently
R/T ) and so have the same width scaling.
widths calculated using Eq. 9 with Eq. 6 for a range of
` values. We find excellent agreement with theory in all
cases. Note that the Bessel beam parameter kr sets the
PV ring radius at ` = 0 since R = krf/k. In a simi-
lar way, the Bessel beam parameter w0 sets the PV ring
thickness at ` = 0 since T = 2f/kw0. Hence, Figs. 2A
and B are equivalent to fixing the PV ring parameters
R and T , respectively. Again, note that both of these
change as ` changes; the ring thickness decreases for in-
creasing |`| whilst the ring radius increases, although the
relative change in thickness is usually smaller than the
corresponding change in radius.
From the asymptotic form of the width as given in
Eq. 7, one may be tempted to associate T and R (or
equivalently 1/w0 and kr) as a psuedo-gradient and
psuedo-intercept, respectively, of the OAM-dependent
width w2(`). This can perhaps qualitatively explain why
each of the curves in Fig. 2A have different slopes and
the same intercept (since w0 varies and kr is fixed) and
why each of the curves in Fig. 2B have different inter-
cepts but similar slopes (since kr varies and w0 is fixed).
One may then conclude (erroneously) that the Gaussian
width w0 of the Bessel beam has the most significant im-
FIG. 3. Comparison of the normalised OAM-dependent width
between PVs and Laguerre-Gauss beams for different values
of R/T . For small values of R/T , the scaling of the width
with ` approaches that of a Laguerre-Gaussian beam. Lines
denote theoretical widths and symbols denote experimental
widths.
pact on the overall scaling of the PV. However, it’s clear
from Eq. 6 that it is the combined parameter R/T (or
krw0) which determines the overall scaling of the PV’s
width with `. One can verify that if they were to instead
plot the normalised width w(`)/w(0) in Fig. 2A and B
instead of the absolute width, then the corresponding
curves would be identical. This is because corresponding
curves in Fig. 2A and B have the same R/T value. Thus,
the value of R/T should be seen as the indicator of the
degree of “perfectness” of quasi-PVs.
As such, care should be taken to ensure that this prod-
uct is sufficiently large or else the advantages for using
PVs are lost. To be more precise, as R/T → 0, we have
that,
w2(`) ≈ T 2(`+ 1) +R2 . (12)
The global scaling is the same as when R/T  1, how-
ever, since T is now large compared to R, the change in
width can be significant. This is highlighted in Fig. 3
which compares the scaling of LGs with two different
PVs: one where R/T = 15 and one where R/T = 1.
This serves to show that if the beam parameters are cho-
sen poorly, the generated PV is far from “perfect”.
Now that the OAM-dependent width of PVs (Eq. 6)
is precisely known, we can use this knowledge to com-
pensate for the changing width by adjusting the beam
parameters appropriately, thus fixing the PV’s width: a
sought-after procedure performed in optical trapping ex-
periments which (until now) has been imprecise. Often in
such experiments, PVs are generated from BGs and the
increasing width is compensated for by digitally tweaking
the axicon parameter α, which is related to the PV ring
radius through the radial wavenumber by kr = α(n−1)k,
where n is the axicon’s refractive index. Hence, this pro-
cess effectively compensates for the increasing PV ring
radius. Ideally, the the ring thickness should also be ad-
4FIG. 4. An example of the process of correcting for the width
increase by adjusting R individually for each `. This is equiv-
alent to adjusting the axicon parameter that generates the
corresponding BG mode. In A, three examples of the numeri-
cal inversion of Eq. 13 are given for different initial radii. In B,
we show the uncorrected and corrected experimental widths
for the case of R(0)/T = 5.
justed (since we now know that this also changes with
`) but it is much more difficult to dynamically adjust
the Gaussian waist in such experiments. Hence, we will
assume that the change in the ring thickness is small
enough to neglect (T (`) = T (0) = T ). We thus need to
find the set of ring radii R(`) (or equivalently α(`) up to
some constant) that will enable w2(`) = w2(0). This can
be done by numerically inverting,
x2
(
I1
(
x2
)
I0 (x2)
− I`+1
(
x2
)
I` (x2)
)
= ` , (13)
for x = R(`)/T . Three instances of the numerical inver-
sion are shown in Fig. 4A and an example of the experi-
mentally corrected PV width for R(0)/T = 5 is shown in
Fig. 4B. We see from Fig. 4A that there is an inevitable
cutoff point `c at which point R(`c) = 0; the PV ring
radius cannot be made any smaller to accommodate the
increasing width. We observe that the smaller the initial
ring radius R(0) the smaller the cutoff point. As we’re
about to discuss, a physical explanation for this may be
that the OAM density limit has been reached.
It is already known that topological charge densities
cannot exist over arbitrarily small areas; in fact, it was
derived that the optical vortex density limit within a disk
of circumference 2piR is given by [3],
|`|
R
≤ kNA , (14)
where NA is the numerical aperture of the optical sys-
tem. This can be interpreted as defining the OAM den-
sity limit for a propagating field with a helical phase of
the form exp(i`φ). As the helical phase oscillates faster,
higher spatial frequencies are required to maintain this
propagating field. Nature, in turn, excites evanescent
waves in the region where the OAM density limit is ex-
ceeded and so the transverse amplitude within this region
decays to zero over a length on the scale of the wave-
length. An equivalent interpretation is that for a given
`, Eq. 14 sets the radius R` of the vortex core (the region
of the characteristic intensity null in vortex beams),
R` =
|`|
kNA
. (15)
One can verify that this limit is consistent (to an order
of magnitude) with the cutoff radius R(`c). Further, the
above shows that the size of the area where evanescent
waves are excited is proportional to |`|. This suggests
that a truly OAM-independent beam is unattainable: ei-
ther the vortex core will eventually engulf the beam or
the beam must compensate by growing larger than the
vortex core.
In conclusion, we derived an explicit expression for the
second moment width of experimentally realisable PVs.
The experimental and theoretical results given indicate
that the parameter R/T (or krw0) primarily dictates the
degree of “perfectness” of quasi-PVs. However, it turns
out that even when the ideal PV is best approximated,
that is when R/T  1, the width will scale in the same
way as conventional vortex modes: proportional to
√
`.
We argued that this is consistent with the already es-
tablished notion of an OAM density limit, from which it
follows that a truly OAM-independent beam is seemingly
unattainable.
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